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I. INTRODUCTION 
In Ref. [ 11, H. Amann and E. Zehnder proved the following result by 
using the advanced topological machinery of generalized Morse theory in 
the sense of C. C. Conley. 
PROPOSITION 1.1. Suppose f E C’( R”, R), Vf(O) = 0 and there exists an 
N x N nonsingular symmetric matrix A, such that 
llVf(x) - A r Wl4l + 0 (1.1) 
as jlxll --+ CO. Let m, denote the number of negative eigenvalues of A, and 
m,(m$) denote the number of negative (nonpositive) eigenvalues of the 
Jacobian matrix of Vf at % {f rnz $ (m,, VI,*), then there exists a nontrivial 
critical point of J: 
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K. C. Chang [2] gave a proof by using the generalized Morse 
inequalities due to M. Morse and G. B. Van Schaak concerning critical 
points of a function defined on a manifold with boundary. 
Recently A. C. Lazer and S. Solimini [3] proved a more general result 
as follows: 
PROPOSITION 1.2. Let X be a real Hilbert space, have a decomposition 
X= Y@Z with dim Y< CO, f E C2(X, R), and satisfy the Palais-Smale 
condition. Suppose that f satisfies 
inf f(x) = d> co 
x E z (1.2) 
f(x)+ --oo as llxll + 00 for xE Y. 
Suppose that 0 is an isolated critical point off and O’f(t9) is a Fredholm 
operator. If either dim Y < the number of negative eigenvalues of D2f(tl) or 
the number of nonpositive eigenvalues of D2f(tl) < dim Y, then there exists 
a nontrivial critical point off: 
In this paper we consider the existence of nontrivial critical points via 
local linking idea [4, 51. When 8 is a degenerate critical point we can 
weaken some conditions in Propositions 1.1 and 1.2. As applications, we 
study the existence of nontrivial solutions of the Dirichlet problem for non- 
linear elliptic partial differential equations and periodic boundary value 
problem for nonlinear ordinary differential equations. 
II. ABSTRACT THEOREMS 
Let X be a real Hilbert space and have a decomposition 
X=X,0X2, dimX,=n<co. 
DEFINITION 2.1. If there exists p, fl> 0 such that 
f(x) 2 BY VXE S,, 
f(x) > 03 vxe\{q, 
f(x) G 0, VXE B,, 
f(x)< -P, VXES,, 
(2.1) 
(2.2) 
(2.3) 
(2.4) 
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where 
then we say that j has a local linking at 8. 
DEFINITION 2.2. If any sequence (x,) E X along which If( is 
bounded and I\Vf(x,,)\l -+ 0 possesses a convergent subsequence then we 
say that f satisfies the Palais-Smale condition (denoted by (PS)). 
Set 
f$qxwf(4a). 
Our main results are the following theorems and corollaries. 
THEOREM 2.1. Suppose that f E C’(aBN, iw) is a asymptotically quadratic 
function i.e. there exists an symmetric nondegenerate matrix A,, such that 
IlVf(x)-A,xlllllxll +O (2.5) 
as J/x// + a. Suppose also that 8 is a critical point off; f has a local Iinking 
at 8. Set m = Morse index of J(x), where J(X) 4 $(A, x, x), then if n #m 
(n = dim X,), f has a nontrivial critical point. 
ProoJ First, we can assume that 
f(x)= $Lx, x) 
outside a big ball according to the following lemma due to K. C. Chang 
PI. 
LEMMA A. Suppose that f(x) is an asymptotically quadratic function 
with a nondegenerate matrix A,, then there exist a function T(x) and 
constants RI < R2 such that 
(if 7 and f have the same critical set. 
(ii) y(x) =f(x)for Ix1 d R, andy(x)= i(Aoox, x)for 1x1 2 R,. 
Now we turn to the proof of Theorem 2.1. 
Suppose that f has the origin as its unique critical point. It follows from 
(2.5) that f satisfies (PS). Moreover, there exists a constant 6 such that 
1 f’(x)1 z 6, for any x in fpp. In the following we will deform the set S2 step 
by step. 
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(1) Deformation along the negative (pseudo) gradient flow. Using 
this flow we can define a mapping @, : S, x [0, 1 ] + X satisfying 
where A4 is a large constant. 
(2) Projection to a large sphere. Choose R such that 
@,(S2 x [0, 11) c B(B, R). Set S, = dB(0, R). Define the projection by 
@z(s> t)=((l - f) Il@l(s, t)ll + tR) @,(s, t) lI@lb, f)llp’ 
for (s, ~)E&x [0, 11. Then Q2(S2, l)~S~nf~,,,,. 
(3) Projection to the negative spectral space of A x. According to the 
spectrum of Am, decompose X into X, OX .~, where X, and X are the 
positive and negative spectral spaces, respectively. Denote by P, and Pp 
the projections to X, and X-, respectively. Define Q3: S, x [0, l] + X, by 
CD&Y, t)= R (P- + (1 - l) P, ) @A& 1) 
II(Pp +(I -~)P+)@*(h l)ll’ 
(s, t) E s, x LO, 11. 
Since Q2(s, l)ESRnf~mM, Pp 02(s, 1) # 0 and hence Q3 is well defined. Set 
S = S, n X-, S is an (m - 1)-dimensional sphere: S ES”- ‘, where 
m = dim X- = the Morse index of A or We have QX(S,, 1) c S . 
Combining Q1, Q2, Q3, we finally obtain a mapping @: Sz x [0, l] + X 
satisfying 
@(s, 0) = s 
(2.6) 
@(s, 1)ES for sES, 
and it is easy to check that 
@(S,x co, l)Cf-a. (2.7) 
(4) Now we should distinguish between the case n <m and the case 
n > m. First, let us deal with the case n cm. In this case @( ., 1) is 
homotopic to a trivial mapping from S, to S by the fact rcnp ,(S”- ‘) = 0 
for n cm, that is there is a mapping @,: Sz x [0, l] --t S such that 
@4(s, 0) = @(s, 1) 
(2.8) 
@‘$(s, l)=yES. 
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Also we define another mapping Yy: B, --f S- by 
Ii/(x) =
i 
@,(P~dXll)~ XfO, 
(2.9) 
Y, x = 0. 
In the case n > rn a different construction is needed. Denote by D- the 
set {x 1 x E X- , l/x/l < R). Consider the family C- of all Lipschitz mappings 
from D- to X which keep S , the boundary of D _ unchanged. Define 
If c- > 0, then by a standard argument c- is a critical value off and we 
are alone. Otherwise, we have a mapping Qs in C- with @‘5(6)cf~,l,jB. 
Set $:B,+Xby 
*(x) = 
i 
qy@(P+ 1)) x+0, (210) 
@5(O), x = 0. 
It is easily seen that $(B,) n S, = 0 in both cases. 
(5) Let C be the family of all mappings G from B, x [0, l] to X 
satisfying 
G(X, 0) =x, for XEB,, 
G(x, f) = @(x, f), for (x, t) E S2 x [0, 11, (2.11) 
G(x, 1) = $(x), for XEB~. 
We claim that 
G(B,x LO, ll)nS,#0, for any G in C. (*) 
At moment let us assume this claim which will be verified in the 
Lemma 2.2. It follows from (*) that 
c= inf sup 
GE= (x,~)EBZX co,11 
f(G(x, t)) 2 ,izi, f(x) > B. 
Again the standard argument shows that c is a critical value ofS, because 
the family C has an invariant property. This completes the proof of the 
theorem except the claim (*). 
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LEMMA 2.3. For any mapping G in C, we have 
G(B,x [O, ll)nS,#@. 
Proof: Define F: B, x B, x [0, 11 by 
F(x, t) = x1 - G(x,, t) for x = (x,, x2). 
Obviously 
F(x,O)=x,-xz, 
degV’(~, 01, B, x B,, 0) = (- I)“, 
(2.12) 
(2.13) 
where n is the dimension of X,. On the other hand, 
F(x, 1) =x1 - KG). (2.14) 
In the case n < m, +(x~)E,!-. Since B, n S = Qr. F(x, 1) #O for any 
x E B, x B,. By the Kronecker’s Theorem, 
deg(F( ., l), B, x B,, 0) = 0. (2.15) 
Now suppose n > m. Let P, be the orthogonal projection to X,. Since a 
Lipschitz mapping does not increase the Hausdorff dimension, 
dim,(P,~(B,))~dim,(P,~,(D_))ddim,(D~) 
=m<n=dimX, (2.16) 
hence we can choose an arbitrary small a in X,, with is not included in the 
image of the mapping P,$, and 
deg(F(.,l),B,xB,,O)=deg(F(.,l),B,xB,,a)=O. (2.17) 
Now suppose 
G(&x CO, ll)nSI=O, (2.18) 
then for any x = (x,, x2) on the boundary of B, x B, F(x, t) #O. Since 
J(B, x B,)=S, x 3,~ B, xS, by (2.18) we need to verify F(x, t)#O for 
xEB,xS*. In fact for XEB,XS,. 
Ft‘(x, t) = x1 - @b,, t) # 0, 
since x, ES,, f(xi) 2 /I and @(x,, t) efPfl. By the homotopy invariance of 
the Brouwer’s degree, deg(F( ., t), Bi x B,, 0) will be a constant, which 
contradicts with (2.13), (2.15) or (2.17). 
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Theorem 2.1 can be extended to the Hilbert space, provided the function 
f has a suitable form. Namely suppose 
f(x) = :(Lx, x) + g(x), (2.19) 
where L is a self-adjoint bounded linear operator on X with o as eigenvalue 
of finite multiplicity at most, g(x) is a Cl-function and has a compact 
gradient g’(x). Moreover, suppose g is asymptotically quadratic, that is 
there is a bounded linear operator B such that 
II g’(x) - wlll~ll + 03 as /x(1 + co. 
Finally suppose L + B is invertible. 
THEOREM 2.2. Under the above assumptions on S, the conclusion of 
Theorem 2.1 remains true. More precisely. Suppose f has a local linking at 
the origin 8 with n = dim X, < +oo. Let X- be the negative spectral space 
of L + B, m = dim X_ (may be infinity). Then f has at least one nontrivial 
critical point, provided n #m. 
Proof: The proof is the same as one of Theorem 2.1 with two necessary 
modifications: 
(1) An easy extension of Lemma A from R” to a Hilbert space. 
(2) Replacement of the Brouwer’s degree by the Leray-Schauder 
degree. 
Remark. If f satisfies the Landsmen-Lazer type condition instead of the 
nonresonance assumption at the infinity, we can still obtain the same 
results as Theorems 2.1 and 2.2. All we need to do is is to construct a 
mapping @: S, x [0, l] -+ X satisfying 
@(s, 0) = s 
@(s, l)ES- 
and 
@(S, x co, ll)cf-D. 
Of course, now S- should be a sphere in X_ 0 X,,, where X- , X0 are the 
negative and zero spectral spaces, respectively. But it is a known fact that 
the set f _ M\ { 1) P + XI\ d c} can be deformated to the sphere S- , where P, 
is the projection to the positive spectral space, for the detail about this fact 
we refer to [7, 81. 
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III. APPLICATIONS 
As the first application, we study the nontrivial solutions of the Dirichlet 
problem 
-Au - p(x, u) = 0, in Q 
u=o on aQ, (3.1) 
where 52 c R” is a bounded open domain with smooth boundary, p is a 
function in C(ox R, R). Let Ii (i= 1,2, . ...) be the eigenvalues of the 
operator -A (with Dirichlet boundary condition). Suppose the following 
limits exist and are uniform in x E Sz: 
pa = lim ‘M, 
u-o u 
P(X, u) pa= lim - 
u-CL u . 
Assume that 
(P) pm is not an eigenvalue, that is there are A, <A,+, with 
L<P,<L.,. 
(1, = -co as a convenience) and also one of the following conditions (PO), 
(P-1, and (f’,). 
(PO) p. is not an eigenvalue and there are %, < I, + i , n # m with 
L?<PO<kl.I. 
(P, ) p. = A,, ( < 3,, + i) is eigenvalue, n # m and 
~por2-J~p(x,T)dT<o for 1 t1 small and t # 0. 
(P-J Po=L+1 ( > 2,) is eigenvalue, n # m and 
fpo&jrp(X,T)dr>O for 1 tI small and t # 0. 
0 
THEOREM 3.1. Under the above assumptions on p, the problem (3.1) has 
at least one nontrivial solution. 
ProoJ Set 
f(u)=;jQ [Vul’dx-jaP(x,u)dx (3.2) 
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for UEX= HA(Q), where P(x, t) =jb p(x, z) dz. It is well known that 
f~ C ‘(X, R), f satisfies (P, S) and any critical points of f correspond to 
(weak) solutions of (3.1). By assumption (P), f is asymptotically quadratic. 
Define a compact operator on X by 
(Ku,u),=~~uudx, for u,u~X. 
Then 
IIf’@) - (Id - P,K) xlllll~ll + 0 as llxli + 00. (3.3) 
The negative space of Id - pm K is m dimensional. Now we are to verify the 
local linking condition. 
(I) (P,) case. Let (pi (i= 1, 2, . ..) be the eigenfunctions correspond- 
ing to li. Set X, = Spen{cp,, . .. . cp,}, X, = Xi. Choose E > 0, il,, + E < A,, r, 
P(x, U) satisfies 
P(x, u) 6 $L, + E) u* + c, IUI P, (3.4) 
where 2 < p < 2n/(n - 2) and c, is a suitable constant. For any u in Xi. 
(3.5) 
If 11~ /I < p, p small enough, then f (u) > 6 II u/I * for some constant 6 > 0, and 
hence (2.1), (2.2) are fulfilled. Since X2 is a finite dimensional space and 
consists of smooth functions, by (P,) we can assume that for p small 
enough, 
for ueX2, Ilull <p, u#O 
and hence 
f(u)=~~(~,Vu,2-~i.u2)dx+~~(~L,u2-P(x,u))dx<0. (3.6) 
Specially, for some constant @ > 0, 
f(u)< -P, VuEX*, Ilull =p. (3.7) 
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(II) (P_) case. First, we verify (2.3), (2.4). 
m= jn (f lV~12-fYX, 4) dx 
6 s nflvU12-~(l.+l-~)U2+C,lul~ 
A -& <’ 1-p ( n+l 2 3 > Ilull + cc II4 f ‘n 
< -6 IIul12. (3.8) 
for u E X, and II uIJ Q p, p small enough. Decompose X1( = Xi) into W+ V, 
where V=ker(d+%,+,), W=(V+X,)‘, also set U=W+U,WEW,UEV. 
Assume that +A,,+ 1t2-Z’(t,x)>OforO#Itl<b.Since Visalinitedimen- 
sional space, there is a constant K such that 
lldc 6 K IId, for UE V (3.9) 
"f( )=j u R ( ; IVu12 - P(x, u)) dx 
= j( R +vl’-fl,+,w2)dx+j&,+,u2-P(x,u))dx (3.10) 
take Ilull <p < b/2K and set 
Q, = {xl Iw(x)l <b/2}, 
Q2 = 1x1 Iw(x)l> b/2). 
l4x)l G Iw(x)l + I4x)l 
G b/2 + II4 
d 6, 
(3.11) 
(3.12) 
j( lA,,+,uz-P(x, u) R 2 (3.13) 
On the other hand, in 52, 
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and by (P-) 
(3.14) 
where we donate by c variant constants. Therefore, 
provided p is small enough. Now if w # 0, then 
f(u)86 Ilwl12>0. (3.16) 
If w=O, u#O, then 
f( )=j U ( L Au2 - P(x, u) 
R 2 > dx > 0. (3.17) 
We show that inf,,,,, =p f(u) > 0. Otherwise there is a sequence {u,) with 
f(u,J --) 0, IIu,Il = p. Let U, = w, + u,. By (3.13) and (3.15), w, + 0. We can 
assume that u, + u with llull = p and 
f(u) = lim f(u,) = 0, (3.18) 
which is a contradiction. 
(III) The case (PO) is easy and we omit the details. 
In all these cases we have constructed a local linking at the origin with 
n, the dimension of A’,, different from m. By the Theorem 2.2,fhas at least 
one nontrivial critical point. 
Next we consider the following problem 
{ 
T+g(t,x)=O 
x(0) =x(271) 
(n)(o) = (~.)(27cL 
(3.19) 
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where g(t, x) E C( [0,2n] x R, R), 2n-periodic in t, and satisties (P) and one 
of (PO), (P, 1, or (P.~ 1: 
nega:Z int~g~r~~~~ch”t~~~~ x)’ 
x uniformly in t E [0, 2771, there is non- 
) 
m+g,<(m+l)*. 
(PO) go = 1% + o (g(t, x)/x) uniformly in t E [0,27c], there is a non- 
negative integer n such that n #m and 
?l* < go < (n + 1)‘. 
(I’,) go=n2,n#m, and 
1 s 
5 gos2 - s g( t, 7) d7 < 0 for IsI small and s # 0. 0 
(K) g,=(n+ 1)2,Fz#m, and 
; gg2 - js g( t, 7) d7 > 0 for IsI small and s # 0. 
0 
Then (3.19) has at least one nontrivial 2rr-periodic solution. 
ProojI Let Hf. be the Sobolev space of absolutely continuous real 
functions u on [0,2x] such that u(0) = 24(27r) and U’E L2[0, 27~1 with the 
inner product 
Set 
lu’(t)12 - G(t, u) dt, 1 
where G(t, U) = s;; g(t, 7) d7. Take X= Hi, then the proof is similar to 
Theorem 3.1, so we omit is. 
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